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Abstract
Two-place nonlocal systems have attracted many scientists’ attentions. In this paper, two-place
non-localities are extended to multi-place non-localities. Especially, various two-place and four-
place nonlocal nonlinear Schro¨dinger (NLS) systems and Kadomtsev-Petviashvili (KP) equations
are systematically obtained from the discrete symmetry reductions of the coupled local systems.
The Lax pairs for the two-place and four-place nonlocal NLS and KP equations are explicitly
given. Some types of exact solutions especially the multiple soliton solutions for two-place and four-
place KP equations are investigated by means of the group symmetric-antisymmetric separation
approach.
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I. INTRODUCTION
In 2013, Ablowitz and Musslimani proposed a first integrable nonlocal nonlinear model,
the nonlinear Schro¨dinger (NLS) equation[1]
iAt + Axx ± A2B = 0, B = fˆA = Pˆ CˆA = A∗(−x, t), (1)
where the operators Pˆ and Cˆ are the usual parity and charge conjugation. In literature, the
nonlocal nonlinear Schro¨dinger equation (1) is also called parity-time reversal (Pˆ Tˆ ) sym-
metric (more precisely, should be called Pˆ Cˆ symmetric). Pˆ -Cˆ-Tˆ symmetries play important
roles in the quantum physics [2] and many other areas of physics, such as the quantum
chromodynamics [3], electric circuits [4], optics [5, 6], Bose-Einstein condensates [7], and so
on.
Notice that the model equation (1) includes two different places {x, t} and {x′ = −x, t′ =
t}, thus, we call all the models including two places {x, t} and {x′, t′} two-place systems or
Alice-Bob systems [8]. Two-place systems may be developed to describe various two-place
physics which is the physical theory to explain the corelated/entangled natural phenomena
happened at two different places[9].
In addition to the nonlocal NLS system (1), there are many other types of two-place
nonlocal models, such as the nonlocal KdV systems [8, 9, 11], nonlocal MKdV systems
[8, 12, 13], nonlocal discrete NLS systems [14], nonlocal coupled NLS systems [15], nonlocal
Davey-Stewartson systems [16–18], generalized nonlocal NLS equation [19], nonlocal nonau-
tonomous KdV equation [20], nonlocal peakon systems [21], nonlocal KP systems, nonlocal
sine Gordon systems and nonlocal Toda systems [8, 9].
In natural sciences, more than two events occurred at different places may be correlated or
entangled. To describe multi-place problems, it is natural and important to establish some
possible multi-place nonlocal models.
In section II, we propose two general methods to find a model with multi-place non-
localities. In section III, we focus on multi-place nonlocal integrable systems, especially
for the two-place and four-place nonlocal NLS equations and KP equations. Section IV is
devoted to investigating special solutions of two special two-place and four-place KP systems.
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The last section is a short summary and discussion.
II. GENERALIZED ASPECT TO FIND MULTI-PLACE NONLOCAL SYSTEMS
To find multi-place nonlocal systems, there may be several possible approaches. In this
section we focus on two simplest methods. The first method is to find a possible discrete
symmetry group with n elements for an m component coupled system such that the discrete
symmetry reductions can be found. The second one is to apply the so-called consistent
correlated bang (CCB) for a lower component system to get a higher component system so
that the first method can be used.
A. Multi-place nonlocal systems from multi-component systems
For the m-component system
Ki(u1, u2, . . . , um) = 0, i = 1, 2, . . . , m, (2)
where Ki, i = 1, 2, . . . , m are functions of uj, j = 1, 2, . . . , m and their derivatives with
respect to the space and time variables X = {x1, x2, . . . , xd, t}, if we can find an n-order
discrete group
G = {gˆ0 = I = identity, gˆ1, . . . , gˆn−1}, (3)
then one may find a suitable transformation
ui = Ui(v1, v2, . . . , vm), i = 1, 2, . . . , m, (4)
which transforms the original equation system (2) to a new one
K˜i(v1, v2, . . . , vm) = 0, i = 1, 2, . . . , m, (5)
thereafter, the G-symmetry reductions can be directly obtained with some vi, i =
1, 2, . . . , m related to others by suitable group elements gˆ, j = 1, 2, . . . , n. Usually,
the G-symmetry reductions are multi-place nonlocal systems if gˆX 6= X for some j.
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Here is a simple special example. It is clear that the following integrable coupling KP
system 

(ut + 6uux + uxxx)x + σ
2uyy = 0,
[vt + 6(vu)x + vxxx]x + σ
2vyy = 0,
[wt + 6(wu)x + wxxx]x + σ
2wyy = 0,
[zt + 6(zu)x + 6(vw)x + zxxx]x + σ
2zyy = 0,
(6)
possesses an eighth order discrete symmetry group
G = G1 ∪ CˆG1, G1 ≡ {1, Pˆ xTˆ , Pˆ y, Pˆ xTˆ Pˆ y}, (7)
where the operators Pˆ x, Pˆ y, Tˆ and Cˆ are the parity for the space variables x and y, time
reversal and charge conjugate (complex conjugate in mathematics) defined by
Pˆ xx = −x, Pˆ yy = −y, Tˆ t = −t, Cˆu = u∗, (8)
respectively.
Using the symmetry group G, one can directly obtain the following eight discrete symmetry
reductions
pxt +
{
pxx + 6ad(p+ p
gˆ)[2d(r − rgˆ) + p− pgˆ] + 6pu}
xx
+ 3σ2pyy = 0,
rxt +
{
rxx − 3a(p+ pgˆ)[2d(r − rgˆ) + p− pgˆ]− 3
2
u(u− 4r)
}
xx
+ 3σ2ryy = 0, (9)
pgˆ ≡ gˆp, gˆ ∈ G, j = 0, 1, . . . , 7,
where p and r are related to u, v, w and z by the symmetry reduction transformation
u = p+ pgˆ + r + rgˆ, v =
a
b
(c0 − c1d+ c2d)(p+ pgˆ),
w = b(pgˆ − p)− 2bd(r − rgˆ), z = c1p+ c2pgˆ + c0(r − rgˆ). (10)
For gˆ = {1, Cˆ}, the reductions (9) are two local integrable coupled KP systems. For
gˆ 6= {1, Cˆ}, the reductions (9) are integrable coupled two-place nonlocal KP systems.
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B. Multi-place nonlocal systems from single-component systems via CCB
To find nonlocal multi-place systems, we can also use the so-called CCB approach proposed
in [22] from lower-component systems, say, single-component systems. There are three basic
steps for the CCB approach, (I) banging a single component equation to a multi-component
system, (II) making the banged components correlated, and (III) requiring the correlations
are consistent.
For simplicity, we just take the KP equation
(ut + 6uux + uxxx)x + σ
2uyy = 0 (11)
as a simple example to show the CCB approach.
(I) Bang. To bang the single component KP equation to an m-component coupled KP
system, one can make a transformation u = F (u0, u1, u2, . . . , um−1), say,
u =
m−1∑
i=0
ui. (12)
Substituting (12) into (11), we have
m−1∑
i=0


(
uit + 6ui
m−1∑
j=0
ujx + uixxx
)
x
+ σ2uiyy

 = 0. (13)
It is clear that (13) can be banged to an m component coupled KP system(
uit + 6uix
m−1∑
j=0
uj + uixxx
)
x
+ σ2uiyy +Gi = 0, i = 0, 1, 2, . . . , m− 1, (14)
with m arbitrary functionals Gi under only one condition
m−1∑
i=0
Gi = 0. (15)
(II) Correlation. To get some nontrivial models, we assume that the banged fields ui
are correlated each other, say, we can write the correlation relations as
uj = gˆu0, j = 0, 1, 2, . . . , m− 1. (16)
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(III) Consistency. It is natural that the correlation (16) and the banged system (14)
should be consistent. Applying g on (14) for all i and j, it is straightforward to prove that
the set of the correlated operators gˆ
G = {gˆ0, gˆ1, gˆ2, . . . , gˆm−1} (17)
consists of an m order finite group. Furthermore, the condition (15) becomes
m−1∑
i=0
gˆiG0 = 0. (18)
It is clear that if take the discrete symmetry group as shown in (7) for m = 8, then we get
a four-place nonlocal complex KP equation (u0 ≡ p)(
pt + 6px
7∑
j=0
pgˆ + pxxx
)
x
+ σ2pyy +G0 = 0 (19)
gˆ ∈ G =
{
1, Cˆ, Pˆ xTˆ , Pˆ y, CˆPˆ xTˆ , CˆPˆ y, Pˆ xTˆ Pˆ y, CˆPˆ xTˆ Pˆ y
}
, (20)
with G0 being a solution of (18) including G0 = 0 as a special trivial example.
III. TWO-PLACE AND FOUR-PLACE NONLOCAL INTEGRABLE SYSTEMS
In this section, we apply the general theory of the last section to obtain some multi-place
nonlocal extensions for several important physical models such as the NLS, KP, KdV and
sine-Gordon models.
A. Two-place and four-place nonlocal NLS systems
One of the most famous NLS equation
iqt + qxx + 2σ|q|2q = 0, σ = ±1, (21)
which is a simple reduction of the AKNS system
iqt + qxx + 2σq
2r = 0, (22)
−irt + rxx + 2σr2q = 0, (23)
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by using the reduction relation r = q∗.
In fact, the AKNS system (23) possesses a sixteenth order discrete symmetry group
GAKNS = S1 ∪ S2, (24)
S1 = Eˆq,r{Cˆ, Fˆ Cˆ, CˆPˆ , Fˆ CˆPˆ , Tˆ , Fˆ Tˆ , Tˆ Pˆ , Fˆ Tˆ Pˆ}, (25)
S2 = CˆEˆq,rS1 = {1, Fˆ , Pˆ , Fˆ Pˆ , CˆTˆ , Fˆ CˆTˆ , CˆTˆ Pˆ , Fˆ CˆTˆ Pˆ}, (26)
with four second order generators, {Fˆ , Pˆ , CˆEˆq,r, Tˆ Eˆq,r}, where Pˆ is the shifted parity, Tˆ
is the delayed time reversal, Cˆ is the charge conjugate, Fˆ is the field reflection and Eˆq,r is
the exchange of the fields q and r. Fˆ and Eˆq,r are defined by
Fˆ

 q
r

 =

 −q
−r

 , Eˆq,r

 q
r

 =

 r
q

 . (27)
From the definition (27), we know that there are two types of discrete symmetries. The
first type of symmetries (S1) exchanges the fields q and r. However, the second type of
symmetries (S2) does not exchange the field variables, and thus it can not be used to obtain
nontrivial reductions. Consequently, the AKNS system (23) possesses the following eight
nontrivial discrete symmetry reductions
iqt + qxx + 2σq
2qgˆ = 0, (28)
gˆ ∈=
{
Cˆ, Fˆ Cˆ, CˆPˆ , Fˆ CˆPˆ , Tˆ , Fˆ Tˆ , Tˆ Pˆ , Fˆ Tˆ Pˆ
}
.
Obviously, the reductions (28) include two local reductions for gˆ = {C, FC} and six two-
place nonlocal reductions for gˆ 6= {Cˆ, Fˆ Cˆ}.
To get four-place NLS type nonlocal systems, one has to study the discrete symmetry
reductions for some higher component AKNS systems. Here are two special four component
AKNS systems 

iqt + qxx +
1
2
σ(p+ q)[2qr + s(q − p)] = 0,
ipt + pxx +
1
2
σ(p+ q)[2ps+ r(p− q)] = 0,
irt − rxx − 12σ(s+ r)[2qr + p(r − s)] = 0,
ist − sxx − 12σ(s+ r)[2ps+ q(s− r)] = 0,
(29)
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and 

iqt + qxx + 2σ(qr + ps)q = 0,
ipt + pxx + 2σ(qr + ps)p = 0,
irt − rxx − 2σ(qr + ps)r = 0,
ist − sxx − 2σ(qr + ps)s = 0.
(30)
It is clear that the coupled AKNS systems (29) and (30) will be reduced back to the
standard AKNS (21) if p = q and s = r.
It is straightforward to find that the coupled AKNS systems (29) and (30) possess an
common sixteenth order discrete symmetry group
GCAKNS = G1 ∪ EˆrspqG1 ∪ EˆprqsG2 ∪ EˆpsqrG2, G1 = {1, CˆTˆ , Pˆ , Pˆ CˆTˆ}, G2 = CˆG1, (31)
where the field exchange operators Eˆrspq , Eˆ
pr
qs and Eˆ
ps
qr are defined by
Eˆrspq


p
q
r
s

 =


q
p
s
r

 , Eˆ
pr
qs


p
q
r
s

 =


r
s
p
q

 , Eˆ
ps
qr


p
q
r
s

 =


s
r
q
p

 = Eˆ
rs
pqEˆ
pr
qs


p
q
r
s

 . (32)
In the discrete symmetry group (31), we have not considered the field reflection operator
Fˆ , because the sign change of the fields has been included in the model parameter σ.
Four types of nontrivial and nonequivalent local or nonlocal AKNS systems can be obtained
from the reductions of the discrete symmetry group (31).
The first type of reductions can be written from (29) as
 iqt + qxx +
1
2
σ(qfˆ + q)[2qr + rfˆ(q − qfˆ)] = 0,
irt − rxx − 12σ(rfˆ + r)[2qr + qfˆ(r − rfˆ)] = 0,
(33)
fˆ ∈ G1 = {1, Tˆ Cˆ, Pˆ , Pˆ Tˆ Cˆ}, (p, s) = fˆ(q, r). (34)
The reduction (33) is local for fˆ = 1, while the other three reductions of (33) with fˆ 6= 1
are two-place nonlocal AKNS systems.
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The second type of AKNS systems obtained from (30) reads

iqt + qxx + 2σq
(
qr + qfˆrfˆ
)
= 0,
irt − rxx − 2σr
(
qr + qfˆrfˆ
)
= 0,
(35)
fˆ ∈ G1 = {1, Tˆ Cˆ, Pˆ , Pˆ Tˆ Cˆ}, (p, s) = fˆ(q, r). (36)
As in the first type of reductions (33), the reduction (35) with fˆ = 1 is the local AKNS while
the others are two-place nonlocal AKNS systems.
The third type of discrete symmetry reductions from (29) possesses the forms
 iqt + qxx +
1
2
σ(p+ q)[2qqg + pg(q − p)] = 0,
ipt + pxx +
1
2
σ(p+ q)[2qqg + pg(q − p)] = 0,
(37)
gˆ ∈ G2 = {Cˆ, Tˆ , CˆPˆ , Pˆ Tˆ}, (r, s) = gˆ(q, p). (38)
In this case, the local AKNS system is related to gˆ = Cˆ, while the two-place nonlocal AKNS
reductions are corresponding to gˆ 6= Cˆ.
The fourth type of discrete symmetry reductions
 iqt + qxx + 2σq
(
qqgˆ + ppgˆ
)
= 0,
ipt + pxx + 2σp
(
qqgˆ + ppgˆ
)
= 0,
(39)
gˆ ∈ G2 = {Cˆ, Tˆ , CˆPˆ , Pˆ Tˆ}, (r, s) = gˆ(q, p), (40)
can be obtained from (30). When gˆ = Cˆ, the reduction (39) is just the well known local
Manakov system 
 iqt + qxx + 2σq (qq
∗ + pp∗) = 0,
ipt + pxx + 2σp (qq
∗ + pp∗) = 0.
(41)
When gˆ = {Tˆ , CˆPˆ , Pˆ Tˆ}, the reductions of (39) are two-place nonlocal Manakov models.
The integrability of the coupled AKNS system (29), the nonlocal AKNS systems (33) and
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(37) can be guaranteed by the following common Lax pair
ψx =


λ 1
2
(p + q) 0 0
−σ
2
(r + s) −λ 0 0
0 1
2
(q − p) λ 1
2
(q + p)
σ
2
(s− r) 0 −σ
2
(s+ r) −λ

ψ, (42)
ψt =


u ♦(p+ q) 0 0
−σ♦(s + r) −u 0 0
−v ♦(q − p) u ♦(p + q)
♦(s− r) v −♦(s + r) −u

ψ, (43)
where
u ≡ i
4
[σ(s+ r)(p+ q) + 8λ2], v ≡ i
2
σ(sp− qr), ♦ ≡ i
2
(2λ+ ∂x).
The integrability of the coupled AKNS system (30), the nonlocal AKNS systems (35) and
(39) can be ensured by the Lax pair of the two component vector AKNS system,
ψx =


λ1 − λ q p
−σr −λ 0
−σs 0 −λ

ψ, (44)
ψt = iσ


σλ21 − cλ2 + qr + ps σ(qx + λ1q) σ(px + λ1p)
rx − λ1r −cλ2 − qr −pr
sx − λ1s −qs −cλ2 − ps

ψ, (45)
where c, λ and λ1 are arbitrary constants.
It is interesting that some known integrable nonlocal NLS (or named ABNLS) systems
are just the special reductions of the nonlocal AKNS systems (33), (35) (37) and (39). For
instance, taking p = q = A, s = r = B in (37), we get the known nonlocal NLS systems
(28) and some others such as those in [1, 8, 23] and [24],
iAt + Axx + 2σA
2B = 0, (46)
B = gˆA, gˆ ∈ {Tˆ , CˆPˆ , Pˆ Tˆ}. (47)
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In addition to the known nonlocal NLS reductions (46), one can also obtain some types of
novel local and nonlocal two-place and four-place NLS type systems from the AKNS systems
(33), (35), (37) and (39).
It is clear that (33) allows a special reduction r = q∗ ≡ A∗ and then
iAt + Axx +
1
2
σ(B + A)[2AA∗ +B∗(A− B)] = 0, (48)
B = fˆA, fˆ ∈ {Pˆ , CˆTˆ , Pˆ CˆTˆ}. (49)
In fact, from the coupled AKNS systems (29) and (30), we can get 32 different types of
NLS reductions. Applying the symmetry group G to (29), we have
iqt + qxx +
1
2
σ(qfˆ + q)[2qqgˆ + qfˆ gˆ(q − qfˆ)] = 0, (p, r, s) = (qfˆ , qgˆ, qfˆ gˆ), (50)
gˆ ∈ Gc1 = {Cˆ, Tˆ , CˆPˆ , Pˆ Tˆ}, fˆ ∈ G1 = {1, Pˆ , CˆTˆ , Pˆ CˆTˆ}. (51)
The full Pˆ -Tˆ -Cˆ symmetry reductions of (30) possess the form
iqt + qxx + 2σq
(
qqgˆ + qfˆqfˆ gˆ
)
= 0, (p, r, s) = (fˆq ≡ qfˆ , gˆq ≡ qgˆ, fˆ gˆq ≡ qfˆ gˆ), (52)
gˆ ∈ Gc1 = {Cˆ, Tˆ , CˆPˆ , Pˆ Tˆ}, fˆ ∈ G1 = {1, CˆTˆ , Pˆ , CˆPˆ Tˆ}. (53)
For the sixteen reductions (50), there are one local case (fˆ = 1, gˆ = Cˆ), nine two-place
cases (37) (fˆ = 1, gˆ = {Tˆ , Pˆ Cˆ, Pˆ Tˆ}), (33) (gˆ = Cˆ, fˆ = {Pˆ , Tˆ Cˆ, Pˆ Tˆ Cˆ}) and the cases
related to gˆ = Cˆfˆ , fˆ = {Pˆ , Tˆ Cˆ, Pˆ Tˆ Cˆ},
iqt + qxx +
1
2
σ(p+ q)[2qr + s(q − p)] = 0, (54)
(p, r, s) = (fˆq, fˆ q∗, q∗), fˆ ∈ {Pˆ , CˆTˆ , Pˆ CˆTˆ}. (55)
All other six cases, ({fˆ = Pˆ , gˆ = (Tˆ , Pˆ Tˆ )}, {fˆ = Tˆ Cˆ, gˆ = (CˆPˆ , Pˆ Tˆ )}, {fˆ = Pˆ Tˆ Cˆ, gˆ =
(Tˆ , Pˆ Cˆ)}) are four-place nonlocal NLS equations which have not yet appeared in literature.
For instance, for gˆ = CˆPˆ and fˆ = CˆTˆ , the related four-place nonlocal NLS equation (50)
becomes
iqt + qxx +
1
2
σ(q∗(x,−t) + q)[2qq∗(−x, t) + q(−x,−t)(q − q∗(x,−t))] = 0. (56)
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The systems (54) and (56) are called four-place nonlocal NLS equation because four places
(x, t), (x, −t), (−x, t) and (−x, −t) are included.
Similarly, for the sixteen reductions (52), there are one local case, nine two-place nonlocal
cases and six four-place nonlocal cases,
iqt + qxx + 2σq
(
qqgˆ + qfˆqfˆ gˆ
)
= 0, (p, r, s) = (fˆ q, gˆq, fˆ gˆq), (57)
(gˆ, f) = (Tˆ , Pˆ{1, CˆTˆ}), (CˆPˆ , CˆTˆ{1, Pˆ}), (Pˆ Tˆ , {CˆTˆ , Pˆ}). (58)
In fact, there are many other coupled (and decoupled) integrable AKNS systems, say,
the vector and matrix AKNS systems. Starting from every coupled (and decoupled) AKNS
systems, one may obtain some possible multi-place integrable discrete symmetry reductions.
Here, we just list another two sets of integrable local and nonlocal NLS type systems
iqt + qxx +
[
α(qqgˆ + qfˆqfˆ gˆ) + β(qfˆqgˆ + qqfˆ gˆ)
]
q = 0, (59)
fˆ ∈ G1, gˆ ∈ G2,
and
iqt + α(q + q
f)xx + γ(q − qf )xx +
[
β(q + qfˆ)2 + δ(q − qfˆ)2
]
qfˆ gˆ
+
[
β(q + qfˆ)2 − δ(q − qfˆ)2
]
qgˆ = 0, (60)
fˆ ∈ G1, gˆ ∈ G2,
with free parameters α, β, γ and δ, where G1 and G2 are given by (31).
It is clear that when β = 0, the models (59) will be degenerated to (52). For convenience,
we rewrite (59) as
iqt + qxx + Vfˆ ,gˆq = 0, (61)
Vfˆ ,gˆ = α(qq
gˆ + qfˆqfˆ gˆ) + β(qfˆqgˆ + qqfˆ gˆ), (62)
where Vfˆ ,gˆ is clearly Gfˆ ,gˆ invariant,
Gfˆ ,gˆVfˆ ,gˆ = Vfˆ ,gˆ, (63)
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Gfˆ ,gˆ = {1, fˆ , gˆ, fˆ gˆ}. (64)
For concreteness, we list all the independent NLS systems included in (59) (i.e., (61)) below.
(i). GCˆ ≡ G1,Cˆ invariant local NLS equation,
Vfˆ ,gˆ = 2(α+ β)qq
∗. (65)
(ii). GPˆ Cˆ ≡ G1,Pˆ Cˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = 2(α+ β)qq
∗(−x, t). (66)
(iii). GPˆ Tˆ ≡ G1,Pˆ Tˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = 2(α+ β)qq(−x,−t). (67)
(iv). GTˆ ≡ G1,Tˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = 2(α + β)qq(x,−t). (68)
(v). GPˆ,Cˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq
∗ + q(−x, t)q∗(−x, t)] + β[q(−x, t)q∗ + qq∗(−x, t)]. (69)
(vi). GPˆTˆ ,Cˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq
∗ + q(−x,−t)q∗(−x,−t)] + β[q∗q∗(−x,−t) + qq(−x,−t)]. (70)
(vii). GTˆ ,Cˆ invariant two-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq
∗ + q(x,−t)q∗(x,−t)] + β[qq(x,−t) + q∗q∗(x,−t)]. (71)
(viii). GPˆTˆ ,PˆCˆ invariant four-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq
∗(−x, t) + q(−x,−t)q∗(x,−t)] + β[qq(−x,−t) + q∗(−x, t)q∗(x,−t)]. (72)
(ix). GPˆCˆTˆ ,Tˆ invariant four-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq
∗(−x, t) + q(−x,−t)q∗(x,−t)] + β[qq(−x,−t) + q∗(−x, t)q∗(x,−t)]. (73)
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(x). GPˆ,Tˆ invariant four-place nonlocal NLS system,
Vfˆ ,gˆ = α[qq(x,−t) + q(−x, t)q(−x,−t)] + β[q(−x, t)q(x,−t) + qq(−x,−t)]. (74)
Other types of selections of f and g are related to the exchanges of the constants α and β.
All sixteen cases of (52) can be obtained from the above cases by setting β = 0 or α = 0.
The first four cases are just known results of the discrete symmetry reductions from the
usual AKNS system.
The integrability of (59) (i.e., (61)) is trivial because it is only a special discrete symmetry
reduction of the so-called (N+M)-component integrable AKNS system (Eqs. (104,105) of
[25] with {ψ, ψ∗, y} → {q, p, it})
iqkt = −qkxx +
N∑
n=1
M∑
m=1
anmqnpmqk, k = 1, 2, . . . N, (75)
ipjt = pjxx −
N∑
n=1
M∑
m=1
anmqnpmpj, j = 1, 2, . . .M, (76)
for M = N = 2 and special selections of constants anm. The integrability of (75)-(76) is
guaranteed because it is only a symmetry reduction of the KP equation [25, 26].
It is also interesting to mention that using the Pˆ -Tˆ -Cˆ symmetry group, one can find more
discrete symmetry reductions from all the above reduced model equations. For instance,
starting from the well known Manakov systems (41), one can find not only the two-place
physically significant nonlocal complex systems listed in [27], but also the following two-place
and four-place physically significant nonlocal real nonlinear systems, we omit the details on
the similar derivation of these reductions
pt + p
fˆ
xx + 2σp
fˆ [p2 + (pfˆ)2 + (pgˆ)2 + (pfˆ gˆ)2] = 0, (77)
fˆ ∈ {Tˆ , Pˆ Tˆ}, gˆ ∈ {1, Tˆ , Pˆ , Pˆ Tˆ}.
Especially, if gˆ = 1, two-place models of (77)
pt + pxx(x,−t) + 4σp(x,−t)
[
p2 + p(x,−t)2] = 0, (78)
pt + pxx(−x,−t) + 4σp(−x,−t)
[
p2 + p(−x,−t)2] = 0, (79)
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can also be derived from the usual local NLS equation. There exist only two independent
four-place nonlocal systems included in (77),
pt + pxx(x,−t) + 2σp(x,−t)
[
p2 + p(x,−t)2 + p(−x, t)2 + p(−x,−t)2] = 0, (80)
and
pt + pxx(−x,−t) + 2σp(−x,−t)
[
p2 + p(x,−t)2 + p(−x, t)2 + p(−x,−t)2] = 0. (81)
B. Two-place and four-place nonlocal KP systems
To find multi-place nonlocal KP systems, we have to get some multi-component coupled
KP equations. To guarantee the integrability, we start from the matrix Lax pairs for matrix
KP equations
ψxx + Uψ + σψy = 0, (82)
ψt + 4ψxxx + 6Uψx + 3
(
Ux −
∫
Uydx
)
ψ = 0, (83)
where ψ is an m component vector and U is an m×m matrix.
The compatibility condition ψyt = ψty of the Lax pair reads
(Ut + Uxxx + 3(UxU + UUx) + 3σ[U, W ])x + 3σ
2Uyy = 0, (84)
[U, W ] ≡ UW −WU, Wx = Uy. (85)
For the non-Abelian complex matrix KP system (84) with σ = i =
√−1, its Pˆ Tˆ Cˆ symmetry
group is constructed by the generator operators Pˆ xTˆ and CˆPˆ y,
Gn =
{
1, Pˆ xTˆ , CˆPˆ y, CˆPˆ yPˆ xTˆ
}
. (86)
For the Abelian matrix KP system, [U, W ] = 0, the Pˆ Tˆ Cˆ symmetry group is the same as
given in (7) with three generators Pˆ xTˆ , Cˆ and Pˆ y.
Here, we just list some special examples and the related Pˆ Tˆ Cˆ symmetry reductions.
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Example 1. Abelian matrix KP system (84) with
U =


u 0 0 0
w u 0 0
v 0 u 0
z v w u

 , (87)
u = (1 + fˆ)(1 + gˆ)p, v = (1− fˆ)(1 + gˆ)p, w = [(1 + fˆ)(1− gˆ)p, z = (1− fˆ)(1− gˆ)p
possesses a single component Pˆ Tˆ Cˆ symmetry reduction
pxt +
{
pxx − 3u
2
4
+ 6pu+
3
2
[(p− pfˆ gˆ)2 − (pfˆ − pgˆ)2]
}
xx
+ 3σ2pyy = 0, (88)
fˆ , gˆ,∈ Gn.
(89)
Example 2. From the Abelian matrix KP system (84) with
U =


u 0 0 0
w u 0 0
v 0 u 0
z 0 0 u

 , (90)
u = (1 + fˆ)(1 + gˆ)p, v = (1− fˆ)(1 + gˆ)p, w = (1 + fˆ)(1− gˆ)p, z = (1− fˆ)(1− gˆ)p,
we can find a Pˆ Tˆ Cˆ symmetry reduction
pxt +
{
pxx − 3u
2
4
+ 6pu
}
xx
+ 3σ2pyy = 0. (91)
Example 3. From the non-Abelian matrix KP system (84) with
U =

 p+ 2q − r q − 2r + s
p− 2q + r s+ 2r − q

 , (92)
we can find a fˆ gˆ symmetry reduction
pxt + 3σ
2pyy + 3σ[(2q1 − r1)p− (2q − r)p1 + s(p1 − 2q1 + r1)− (p− 2q + r)s1]x
+[pxx + 3(p− 2q + r)s+ 3p(p+ 2q − r)]xx = 0, (93)
(p1, q1, r1, s1)x = (p, q, r, s)y, (94)
q = pfˆ , r = pgˆ, s = pfˆ gˆ, fˆ 2 = gˆ2 = 1, (95)
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where
fˆ , gˆ ∈ GI = {1, Pˆ xTˆ , CˆPˆ y, Pˆ xTˆ CˆPˆ y} (96)
for KPI system (σ = i =
√−1) and
fˆ , gˆ ∈ GII = {1, Pˆ xTˆ , Cˆ, Pˆ xTˆ Cˆ} (97)
for KPII system (σ = 1).
For the KPI case, the reduction (93) contains one usual local KPI reduction,
pxt − 3pyy + (pxx + 6p2)xx = 0, fˆ = gˆ, (98)
six two-place nonlocal Abel KPI reductions
pxt − 3pyy + [pxx + 6p2 + 3(p− pgˆ)2]xx = 0, (99)
fˆ = 1, gˆ ∈ {Pˆ xTˆ , Pˆ yCˆ, Pˆ xTˆ Pˆ yCˆ},
and
pxt − 3pyy + [pxx + 6pfˆ (2p− pfˆ)]xx = 0, (100)
gˆ = 1, fˆ ∈ {Pˆ xTˆ , Pˆ yCˆ, Pˆ xTˆ Pˆ yCˆ},
and six four-place non-Abelian nonlocal systems,
pxt − 3pyy + 3i[(2pfˆ1 − pgˆ1)p− (2pfˆ − pgˆ)p1 + s(p1 − 2pfˆ1 + pgˆ1)− (p− 2pfˆ + pgˆ)pfˆ gˆ1 ]x
+[pxx + 3(p− 2pfˆ + pgˆ)pfˆ gˆ + 3p(p+ 2pfˆ − pgˆ)]xx = 0, p1x = py, (101)
{fˆ , gˆ} ∈ {Pˆ xTˆ , Pˆ yCˆ, Pˆ xTˆ Pˆ yCˆ}, fˆ 6= gˆ.
For the KPII system, we only write down two special Abelian real two-place nonlocal reduc-
tions from (93),
pxt + 3pyy + [pxx + 6p
2 + 3(p− p(−x, y,−t))2]xx = 0, (102)
and
pxt + 3pyy + [pxx + 6p(−x, y,−t)(2p− p(−x, y,−t))]xx = 0. (103)
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To end this section, we write down a general vector form of a special local and nonlocal
KP system
pxt + 3σ
2pyy + [pxx + 6(P |U |P )]xx = 0, (104)
(P |U |P ) ≡
4∑
i,j=1
Uijpipj , Uij = 0, ∀i > j,
p1 = p, p2 = p
fˆ , p3 = p
gˆ, p4 = p
fˆ gˆ, f, g ∈ {1, Pˆ xTˆ , Pˆ y, Pˆ yPˆ xTˆ}.
The model equation (104) is a generalization of examples given by (88) and (91).
IV. EXACT SOLUTIONS OF MULTI-PLACE NONLOCAL KP SYSTEMS
A. Symmetry-antisymmetry separation approach to solve nonlocal systems
For a second order operator, gˆ,
gˆ2 = 1, (105)
one can always separate an arbitrary function, A, as a summation of gˆ-symmetric and gˆ-
antisymmetric parts in the following way,
A =
1
2
(A+ Agˆ) +
1
2
(A−Agˆ) ≡ u+ v, (106)
u ≡ 1
2
(A+ Agˆ), v ≡ 1
2
(A− Agˆ). (107)
It is clear that u and v defined in (107) are symmetric and anti-symmetric, respectively, with
respect to gˆ, i.e.,
gˆu = u, gˆv = −v. (108)
Thus, a two-place nonlocal system
F (A, B) = 0, B = Agˆ, g2 = 1, (109)
can be transformed to a coupled local system
F1(u, v) = 0, F1 = F + gˆF, (110)
F2(u, v) = 0, F2 = F − gˆF, (111)
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by using (106). Therefore, to solve the nonlocal equation (109) is equivalent to solving the
local system (110) and (111) with (107).
Similarly, a four-place nonlocal system
F (p, q, r, s) = 0, q = pfˆ , r = pgˆ, s = pfˆ gˆ, fˆ 2 = gˆ2 = 1, (112)
can be changed to a coupled local system
F1(u, v, w, z) = 0, F1 = F + gˆF + fˆF + fˆ gˆF, (113)
F2(u, v, w, z) = 0, F2 = F + fˆF − gˆF − fˆ gˆF, (114)
F3(u, v, w, z) = 0, F3 = F + gˆF − fˆF − fˆ gˆF, (115)
F4(u, v, w, z) = 0, F4 = F + fˆ gˆF − gˆF − fˆF, (116)
by using the symmetric-antisymmetric separation
p = u+ v + w + z, (117)
such that
u =
1
4
(
p+ pfˆ + pgˆ + pfˆ gˆ
)
, v =
1
4
(
p+ pfˆ − pgˆ − pfˆ gˆ), (118)
w =
1
4
(
p + pgˆ − pfˆ − pfˆ gˆ), z = 1
4
(
p+ pfˆ gˆ − pgˆ − pfˆ). (119)
From the definitions (118) and (119), it is not difficult to find that u is group
G = {1, fˆ , gˆ, fˆ gˆ}
invariant, v is fˆ invariant and gˆ antisymmetric, w is gˆ invariant and fˆ antisymmetric, while
z is both fˆ and gˆ antisymmetric. To sum up, we have
fˆu = gˆu = fˆ gˆu = u, fˆv = −gˆv = −fˆ gˆv = v,
gˆw = −fˆw = −fˆ gˆw = w, fˆ gˆz = −gˆz = −fˆ z = z. (120)
Hence, to solve the nonlocal equation (112) is equivalent to solving the local system (113)-
(116) with the conditions (120).
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B. Exact multiple soliton solutions of a two-place nonlocal KP equation
For concreteness, we study the exact solutions of the special two-place nonlocal KP equa-
tion
Axt+Axxxx+
3
2
[(A+B)(3A+B)x]x+3σ
2Ayy = 0, B = A
gˆ, gˆ ∈ {Pˆ xTˆ , Pˆ y, Pˆ yPˆ xTˆ}. (121)
Using the symmetry-antisymmetry separation procedure,
A = u+ v, gˆu = u, gˆv = −v. (122)
(121) is separated to
uxt + (uxx + 6u
2)xx + 3σ
2uyy = 0, (123)
(vt + vxxx + 6uv)x + 3σ
2vyy = 0. (124)
The multiple soliton solutions of the KP equation (123) can be simply obtained by using
the well known Hirots’s bilinear approach. The bilinear form of (123) can be written as
(DxDt +D
4
x + 3σ
2D2y)ψ · ψ = 0, (125)
by means of the transformation
u = (lnψ)xx, (126)
where the bilinear operators Dx, Dt and Dy are defined by
Dmx D
n
tD
p
yf · g = (∂x − ∂x′)m(∂t − ∂t′)n(∂y − ∂y′)pf(x, y, t)g(x′, y′, t′)|x′=x,y′=y,t′=t .
It is interesting that for the equation (124) with (126), we have a special solution
v = a(lnψ)x (127)
with a being an arbitrary constant.
Though {(126), (127)} solves (123) and (124), however, to get the solution of the two-
place nonlocal KP equation (121), we have to check the nonlocal conditions (108) for gˆ =
Pˆ yPˆ xTˆ , Pˆ xTˆ and Pˆ y, respectively.
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Case 1. gˆ = Pˆ yPˆ xTˆ . In this case, the multi-soliton solutions of the two-place KP equation
(121) can be written as
A = u+ v =
(
∂2x + a∂x
)
lnψ, ψ =
∑
{ν}
K{ν} cosh
(
1
2
N∑
j=1
νjηj
)
, (128)
K{ν} =
N∏
i>j
√
3k2i k
2
j (ki − νiνjkj)2 − σ2(likj − ljki)2,
ηj = kjx+ ljy − (k3j + σ2k−1j l2j )t,
where the summation on {ν} ≡ {ν1, ν2, . . . , νi, . . . , νN} should be done for all possible
permutations νi = {1, −1}, i = 1, 2, . . . , N .
Case 2. gˆ = Pˆ xTˆ . In this case, the multiple soliton solution of the two-place nonlocal
KP equation (121) still possesses the form (128). However, the paired condition has to be
satisfied,
N = 2n, kn+i = ±ki, ln+i = ∓li. (129)
The condition (129) implies that the odd numbers of soliton solutions in the form (128) are
prohibited for the partially inverse nonlocal system KP system (121) with gˆ = Pˆ xTˆ . Under
the condition (129), we have paired travelling wave variables
η ≡ {ηi = kix+ liy−(k3j +σ2k−1j l2j )t, ηn+i = ±kix+∓liy∓(k3j +σ2k−1j l2j )t, , i = 1, 2, . . . , n}
(130)
with the property
Pˆ xTˆ η = ∓η. (131)
Thus, the nonlocal condition (108) is naturally satisfied for gˆ = Pˆ xTˆ .
For n = 1 (N = 2), the solution (128) with (129) becomes
A = (∂2x + a∂x) lnF2, (132)
F2 = 2k1l1σ cosh(2l1y) + 2k1
√
σ2l21 − 4k41 cosh
[
2(k1x− 4k31t− 3k−11 l21σ2t)
]
. (133)
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For n = 2 (N = 4), the solution (128) with (129) possess the form
A = (∂2x + a∂x) lnF4, (134)
F4 = K{1,1,1,−1}[cosh(ξ) + cosh(gˆξ)] +K{1,1,−1,1}[cosh(η) + cosh(gˆη)]
+K{1,1,1,1} cosh(τ) +K{1,−1,1,−1} cosh(τ1)
+K{1,1,−1,−1} cosh[2(l1 + l2)y] +K{1,−1,−1,1} cosh[2(l1 − l2)y], (135)
ξ = 2k1x+ 2l2y − 2(4k31 + 3k−11 l21σ2)t, η = 2k2x+ 2l1y − 2(4k32 + 3k−12 l22σ2)t,
τ = 2(k1 + k2)x− 2(4k31 + 3σ2k−11 l21)t− 2(4k32 + 3σ2k−12 l22)t.
Case 3. gˆ = Pˆ y. In this case, the multiple soliton solution form (128) is correct only for
the conditions (129) and
a = 0 (136)
being satisfied for the two-place nonlocal KP equation with gˆ = Pˆ y. In other words, for the
third kind of two-place nonlocal KP equation (121), we have not yet found Pˆ y-symmetry
breaking multiple soliton solutions.
C. Exact multiple soliton solutions of a four-place nonlocal KP equation
In this subsection, we study the possible multiple soliton solutions for the four-place
nonlocal KP equation (104). By using the symmetric-antisymmetric separation relations
(117), (118) and (119), the four-place nonlocal KP equation can be equivalent to
uxt + (uxx + c+u
2 + c−z
2 + e+v
2 + e−w
2)xx + 3σ
2uyy = 0, (137)
vxt + (vxx + d+uv + d−wz)xx + 3σ
2vyy = 0, (138)
wxt + (wxx + b+uw + b−vz)xx + 3σ
2wyy = 0, (139)
zxt + (zxx + a+wv + a−uz)xx + 3σ
2zyy = 0 (140)
with the symmetric-antisymmetric conditions (120) and the constant relations
c± = U11 ± U12 ± U13 + U14 + U22 + U23 ± U24 + U33 ± U34 + U44,
e± = U11 ∓ U12 ± U13 − U14 + U22 − U23 ± U24 + U33 ∓ U34 + U44,
22
d± = 2(U11 ± U13 − U22 ∓ U24 + U33 − U44),
b± = 2(U11 ± U12 + U22 − U33 ∓ U34 − U44),
a± = 2(U11 ∓ U14 − U22 ± U23 − U33 + U44).
The system of equations (137)-(140) is not integrable for arbitrary constants
{a±, b±, c±, d±, e±}. For some special fixed parameters, for instance,
c+ = 3, c− = e+ = e− = d− = b− = 0, d+ = b+ = a+ = a− = 6, (141)
the four-place nonlocal equation (104) becomes
pxt + 3σ
2pyy +
[
pxx − 3u2 + 6pu+ 3
8
(p− pfˆ gˆ)2 − 3
8
(pfˆ − pgˆ)2
]
xx
= 0, (142)
u ≡ 1
4
(p+ pfˆ + pgˆ + pfˆ gˆ), fˆ ≡ Pˆ xTˆ , gˆ ≡ Pˆ y,
while the related symmetric-antisymmetric system (137)-(140) becomes an integrable cou-
pling system
uxt + (uxx + 3u
2)xx + 3σ
2uyy = 0, (143)
vxt + (vxx + 6uv)xx + 3σ
2vyy = 0, (144)
wxt + (wxx + 6uw)xx + 3σ
2wyy = 0, (145)
zxt + (zxx + 6wv + 6uz)xx + 3σ
2zyy = 0. (146)
Because (144) and (145) is just the symmetry equations of (143) and the system of equations
(145) and (146) is also a symmetry system of (143) and (144), it is not difficult to find some
special solutions of (143)-(146) and then the solutions of the four-place nonlocal KP equation
(142). A special multiple soliton solutions of (142) can be written as
p = 2(1 + β1∂y + β2∂x + β1β2∂x∂y)(lnψ)xx, (147)
where ψ is given in (128) with the paired condition (129) satisfying the symmetric-
antisymmetric conditions (120). ψ = F2 with (133) and ψ = F4 with (135) are two simplest
two-soliton and four-soliton examples.
23
V. SUMMARY AND DISCUSSIONS
In summary, the two-place nonlocal integrable models are systematically extended to
multi-place nonlocal integrable (and nonintegrable) nonlinear models by means of the discrete
symmetry reductions of the coupled local systems. Especially, various four-place nonlocal
integrable systems are obtained.
Starting from every multi-component AKNS system, one may derive some local and non-
local multi-place AKNS, NLS and Melnikov systems. For instance, from the two-component
AKNS system (30), one can obtain the usual local AKNS system (33) with fˆ = 1, local NLS
equation (33) with {fˆ = 1, r = q∗}, local Melnikov system (39) with gˆ = Cˆ, three types
of two-place nonlocal AKNS systems (33) with fˆ 6= 1, three types of two-place nonlocal
Melnikov models (39) with gˆ 6= Cˆ, nine types of two-place nonlocal NLS equations (61) with
(66)-(71) and {α, β} = {α, 0} or {α, β} = {0, α}, and six types of four-place nonlocal
NLS systems (61) with (72)-(73) and {α, β} = {α, 0} or {α, β} = {0, α}.
In fact, starting from every coupled nonlinear systems, one may also find some types of
multi-place nonlocal systems via discrete symmetry groups. In addition to the NLS equation,
the (2+1)-dimensional KP equation is another important physically applicable model. To
find some types of multi-place extensions of the KP equation, the matrix KP equations are
best candidates. In this paper, some types of multi-place nonlocal KP equations are obtained
from the Pˆ Tˆ Cˆ symmetry reductions from some special Abelian and non-Abelian matrix KP
equations.
Because many nonlocal nonlinear systems can be derived from the Pˆ Tˆ Cˆ symmetry reduc-
tions, the nonlocal systems may be solved via Pˆ -Tˆ -Cˆ symmetric-antisymmetric separation
approach (SASA). Using SASA, the two-place nonlocal KP equation (121) and four-place
nonlocal KP equation (142) are explicitly solved for special types of multiple soliton solutions.
24
Acknowledgements
The author is grateful to thank Professors X. Y. Tang, D. J. Zhang, Z. N. Zhu, Q. P. Liu,
X. B. Hu, Y. Q. Li and Y. Chen for their helpful discussions. The work was sponsored by
the Global Change Research Program of China (No.2015CB953904), Shanghai Knowledge
Service Platform for Trustworthy Internet of Things (No. ZF1213), the National Natural
Science Foundations of China (No. 11435005) and K. C. Wong Magna Fund in Ningbo
University.
[1] M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. Lett. 110, 064105 (2013).
[2] C. M. Bender, Rep. Prog. Phys. 70, 947 (2007).
[3] H. Markum, R. Pullirsch and T. Wettig, Phys. Rev. Lett. 83, 484 (1999).
[4] Z. Lin, J. Schindler, F. M. Ellis and T. Kottos, Phys. Rev. A 85,050101 (2012).
[5] C. E. Ruter, K. G. Makris, R. EI-Ganainy, D. N. Christodoulides, M. Segev and D. Kip, Nat.
Phys. 6, 192. (2010).
[6] Z. H. Musslimani, K. G. Makris, R. EI-Ganainy and D. N. Christodoulides, Phys. Rev. Lett.
100,030402 (2008).
[7] F. Dalfovo, S. Giorgini, L. P. Pitaevskii and S. Stringari, Rev. Mod. Phys. 71,463 (1999).
[8] S. Y. Lou, Alice-Bob systems, Ps-Td-C principles and multi-soliton solutions, arXiv: 1603.
03975v2. nlin. SI, (2016).
[9] S. Y. Lou and F. Huang, Sci. Rep. 7,869 (2017)
[10] X. Y. Tang, Z. F. Liang and X. Z. Hao, Nonlinear Sci. Numer. Simul. 60, 62 (2018).
[11] M. Jia and S. Y. Lou, 382,1157 (2016).
[12] M. J. Ablowitz and Z. H. Musslimani, Nonlinearity 29,915 (2016).
[13] J. L. Ji and Z. N. Zhu, Soliton solutions of an integrable nonlocal modified Korteweg-de Vries
equation through inverse scattering transform, arXiv: 1603. 03994. nlin. SI (2016).
[14] M. J. Ablowitz and Z. H. Musslimani, Phys. Rev. E 90,032912 (2014).
[15] C. Q. Song, D. M. Xiao and Z. N. Zhu, Commun. Nonlinear. Sci. Numer. Simulat. 45,13
25
(2017).
[16] M. Dimakos and A. S. Fokas, J. Math. Phys. 54, 081504 (2013).
[17] A. S. Fokas, Phys. Rev. Lett. 96,190201 (2006).
[18] A. S. Fokas, Nonlinearity 29, 319 (2016).
[19] X. Y. Tang and Z. F. Liang, Nonlinear Dyn. 92, 815 (2018).
[20] X. Y. Tang, S. J. Liu, Z. F. Liang and J. Y. Wang, Nonlinear Dyn. 94, 693 (2018)
[21] S. Y. Lou and Z. J. Qiao, Chin. Phys. Lett. 34,100201 (2017).
[22] S. Y. Lou, Chin. Phys. Lett. 34,060201 (2017).
[23] M. J. Ablowitz and Z. H. Musslimani, Stud. Appl. Math. 139 (2017) 7.
[24] K. Chen, X. Deng, S. Y. Lou and D. J. Zhang, Stud. Appl. Math. 141 (2018) 113.
[25] S. Y. Lou and X. B. Hu, J. Math. Phys. 38 (1997) 6401.
[26] S. Y. Lou, C. L. Chen and X. Y. Tang, J. Math. Phys. 43 (2002) 4078.
[27] J. K. Yang, Phys. Rev. E 98:042202 (2018).
26
